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Abstract. We hereby present several comments on reference [1]: for this model, we present the travelling
shock-wave solutions different from that of reference [1], an auto-Bäcklund transformation, and several
two-dimensional and non-travelling-wave possibly-observable effects for the future space and laboratory
plasma experiments.

PACS. 52.35.Sb Solitons; BGK modes – 52.35.Mw Nonlinear phenomena: waves, wave propagation, and
other interactions (including parametric effects, mode coupling, ponderomotive effects, etc.)

1 Background

The observations on the ion-acoustic shocks in dusty plas-
mas [2–5] have been explained via the one-dimensional
(nonintegrable) Korteweg-de Vries-Burgers equation (1D-
KdVB) [5,6] (and references therein), with the monotonic
shock implying that the Burgers term is strong enough.
For an unmagnetized dusty plasma containing immobile
charged dust grains, warm electrons and warm ions, ref-
erence [7] briefly states that the 1D-KdVB admits both
oscillatory and monotonic shocks. The exact analytic ex-
pression for the monotonic shock has been given, e.g., in
references [6,8] and references therein, but the exact an-
alytic expression for the oscillatory shock hasn’t been re-
ported yet.

For the space and laboratory plasma systems, the
investigations on the two-dimensional Korteweg-de Vries-
Burgers equation have also been performed [9],

(ut + uux + uxxx + fuxx)x + cuyy = 0, (1)

which is also called the Kadomtsev-Petviashvili-Burgers
equation [1],

(ψτ +Aψψξ +Bψξξξ − Cψξξ)ξ +Dψηη = 0. (2)
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It is easy to see that equations (1, 2) are the same, by
virtue of the scaling transformations: x = B−1/3ξ, y = η,
t = τ , u(x, y, t) = AB−1/3ψ(ξ, η, τ), f = −CB−2/3 and
c = DB1/3. The physical implications of the variables t,
x, y, of the real constants f , c, as well as of the function
u(x, y, t) are given by the plasma system under investiga-
tion [1,3,5,9].

Of current importance, reference [1] has studied the
nonlinear dust acoustic waves in the dusty plasmas with
the combined effects of the non-adiabatic dust charge fluc-
tuation and higher-order transverse perturbation, with
equation (2) describing the dust acoustic waves, with a
particular travelling-shock-wave solution obtained.

Other recent relevant work can be found in, e.g., ref-
erences [10–19].

2 Comment 1

Since the particular travelling-shock-wave solution in ref-
erence [1], i.e., expression (44) there, seems questionable,
we make use of the Wu elimination method, which is a
very sufficient method to solve for the systems of algebraic
polynomial equations with many unknowns [12,20,21], as
well as the auto-Bäcklund transformation given below, so
as to hereby calculate out the following travelling shock-
wave solutions for equation (2), which is different from
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expression (44) of reference [1],
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or equivalently the following solutions for equation (1),
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where κ = ±1 while u2, α2 and α4 are all constants.

3 Comment 2

Since reference [1] does not mention any known solution-
related transformation for equation (2), we need to address
the importance of this issue.

For example, any auto-Bäcklund transformation for
equation (2) would work as a system relating a known
solution of equation (2) (e.g., expression (3)) to another
solution of equation (2) itself. This way we would, in prin-
ciple at least, be able to progressively construct more and
more complicated solutions of equation (2).

In fact, the following auto-Bäcklund transformation [9]
has been seen for equation (1), or equivalently, for equa-
tion (2),
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(u2,t + u2u2,x + u2,xxx)x + cu2,yy + fu2,xxx = 0, (9)

where u2 and φ are both analytic functions with φx �= 0,
and the whole set is mutually consistent.

Adding a few more words about Comment 1: solu-
tions (3) and (4) come out from the substitution of our
ansatzes,

φ = 1 + eα4+α3t+α1x+α2y and u2 = constant,

into this Bäcklund transformation, where αi’s are all con-
stants.

4 Comment 3

We also need to call the attention that equation (2) pre-
sented by reference [1] is a good model to give rise to
certain two-dimensional and non-travelling-wave possibly
observable effects [9] for the future space and laboratory
plasma experiments, which reference [1] has not theoreti-
cally investigated as yet.

Beyond the travelling waves discussed in reference [1]
and Comment 1, there exist some monotonic-shock-wave-
like, exact analytic solutions for equation (1), or equiv-
alently, for equation (2), derived via the aforementioned
auto-Bäcklund transformation, as follows [9],
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where σ = ±1, while α(t) and β(t) are both real, differen-
tiable functions.

Expression (10) provides us with several observable ef-
fects [9] which the future space and laboratory plasma
experiments might discover, beyond the existing one-
dimensional and travelling-wave considerations. The pos-
sibly observable effects are:

(1) the transverse disturbance characterized by the “x ∼
y slope” on the shock front;

(2) the non-constant velocities of propagation and non-
constant vertical shifts of the shocks along the prop-
agation direction (with y fixed);

(3) the non-constant-velocity transverse movements and
non-constant vertical shifts of the shocks along the
transverse direction (with x fixed).

More detailed and graphical discussions can be found in
reference [9].
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